Abstract. For a ring endomorphism α of a ring R, Krempa called α a rigid endomorphism if aα(a) = 0 implies a = 0 for a ∈ R, and Hong et al. called R an α-rigid ring if there exists a rigid endomorphism α. Due to Rege and Chhawchharia, a ring R is called Armendariz if whenever the product of any two polynomials in R[x] over R is zero, then so is the product of any pair of coefficients from the two polynomials. The Armendariz property of polynomials was extended to one of skew polynomials (i.e., α-Armendariz rings and α-skew Armendariz rings) by Hong et al. In this paper, we study the relationship between α-rigid rings and extended Armendariz rings, and so we get various conditions on the rings which are equivalent to the condition of being an α-rigid ring. Several known results relating to extended Armendariz rings can be obtained as corollaries of our results.
Throughout this paper, all rings are associative with identity. Given a ring R, the polynomial ring over R is denoted by R [x] . Recall that a ring R is called reduced if it has no nonzero nilpotent elements. Armendariz [1, Lemma 1] showed that for a reduced ring R, if any polynomial f (x) = a 0 + a 1 
satisfies f (x)g(x) = 0, then a i b j = 0 for each i, j. Since then, Rege and Chhawchharia [12] called R an Armendariz ring if it satisfies this condition. Many properties of Armendariz rings have been studied by many authors [2, 3, 5, 6, 8, 10, 11, 12] .
The reducedness and Armendariz property of a ring were extended as follows. For a ring R with a ring endomorphism α : R → R, a skew polynomial ring (also called an Ore extension of endomorphism type) R[x; α] of R is the ring obtained by giving the polynomial ring over R with the new multiplication xr = α(r)x for all r ∈ R. Recall that an endomorphism α of a ring R is called rigid [9] if aα(a) = 0 implies a = 0 for a ∈ R, and a ring R is called α-rigid [4] if there exists a rigid endomorphism α of R. Note that any rigid endomorphism of a ring is a monomorphism, and α-rigid rings are reduced rings [4, Proposition 5] . On the other hand, the Armendariz property with respect to polynomials was extended to one of skew polynomials. A ring R is called α-Armendariz (resp., α-skew Armendariz) [6, Definition 1.1] (resp., [5, Definition] It can be easily checked that every subring S with α(S) ⊆ S of an α-Armendariz ring (resp., an α-skew Armendariz ring) is also α-Armendariz (resp., α-skew Armendariz) . Note that every α-rigid ring is α-Armendariz [6 [3] and [6] , and moreover we obtain various rings which are equivalent to α-rigid rings. Several known results relating to Armendariz rings can be obtained as corollaries of our results.
In [12, Remark 3 .1], Rege and Chhawchharia showed that every n × n full matrix ring over any ring R is not I R -Armendariz for n ≥ 2 where I R is an identity endomorphism of R. We also know that there exists a 2 × 2 full (and also upper triangular) matrix ring R with an endomorphism α such that R is not α-Armendariz by [6, Theorem 1.8] and [5, Example 13] in general. Hence, we consider the following.
A ring R can be extended to a ring
and an endomorphism α of R can also be extended to the endomorphismᾱ : 
of a ring S 3 (R) and each subring of an α-Armendariz ring is also α-Armendariz. Hence, it is enough to show that (3)⇒(1). Let T (R, R) beᾱ-Armendariz. Assume on the contrary that R is not α-rigid. By Lemma 1, there exists (1) R is a reduced ring.
Hong et al. [5, p. 261] showed that the ring
cannot beᾱ-Armendariz for n ≥ 4, even if R is an α-rigid ring. However, we obtain subrings of S n (R) for n ≥ 4 which areᾱ-Armendariz as follows. From [11] , RA = {rA | r ∈ R} for any A ∈ Mat n (R) where Mat n (R) is the n × n full matrix ring and for n ≥ 2, let
where E ij 's are the matrix units. For an even number n = 2k(≥ 2), let
and for an odd number n = 2k + 1(≥ 3), let
n (R) for n = 2k + 1, where I n is the unit matrix of Mat n (R).
Proposition 4. Let α be an endomorphism of a ring R. The following are equivalent:
(1) R is an α-rigid ring.
Hence c
Next, assume that R is an α-rigid ring. For n = 2, 3, V n (R) isᾱ-Armendariz by Theorem 2 and for n ≥ 4,
The converses follow the proof of Theorem 2, respectively. □
Corollary 5. The following are equivalent for a ring R.
(1) R is a reduced ring. The following example shows that there exists an Armendariz ring R with an endomorphism α such that R is not α-skew Armendariz. ((a, b)) = (b, a) Observe that the conclusion of Proposition 9 cannot be replaced by the condition "R is α-Armendariz" by the next example.
Example 11. Let R be the polynomial ring Z 2 [x] over Z 2 , the ring of integers modulo 2, and let the endomorphism α of R be defined
Then we have the following system of equations:
. . .
We claim that f 00 (x) = f 10 (x) = · · · = f m0 (x) = 0 and each g jt (x) has no constant term for 0 ≤ t ≤ v j and 0 ≤ j ≤ n. We proceed by induction on i + j. Since R is α-skew Armendariz and f 0 g 0 = 0 from Eq.(0), we obtain f 0s (x)α s (g 0t (x)) = 0 for all 0 ≤ s ≤ u 0 and 0 ≤ t ≤ v 0 , and so f 00 (x) = 0 and g 0t (0) = 0 for 0 ≤ t ≤ v 0 . So each g 0t (x) has no constant term for 0 ≤ t ≤ v 0 . This proves for i + j = 0. Now suppose that our claim is true for i+j ≤ k −1. By the induction hypothesis and Eq.(k), we get 0
Then f k0 (x) = 0, and so we have the following:
Hence, g k0 (0) = g k1 (0) = · · · = g kv k (0) = 0, and so g kt (x) has no constant term 
Proposition 12. Let α be an endomorphism of a ring R. If S is a ring and σ : R → S is a ring isomorphism, then we have the following.
( 
1) R is an α-rigid ring if and only if S is a σασ −1 -rigid ring. (2) R is an α-Armendariz ring if and only if S is a σασ −1 -Armendariz ring. (3) R is an α-skew Armendariz ring if and only if S is a σασ
Recall that if α is an endomorphism of a ring R, then the mapᾱ : 
Theorem 13. Let α be an endomorphism of a ring R. The following are equivalent:
, and so f 1 (x)ᾱ(f 1 (x)) = 0. Since R[x] isᾱ-rigid, we obtain f 1 (x) = 0, and hence Let α γ be an endomorphism of a ring R γ for each γ ∈ Γ. For the product ∏ γ∈Γ R γ of R γ and the endomorphismᾱ : a γ )) , it can be easily checked that ∏ γ∈Γ R γ isᾱ-rigid if and only if each R γ is α γ -rigid.
Recall that for an endomorphism α and an ideal I of a ring R, I is called an α-ideal if α(I) ⊆ I, and if I is an α-ideal of R, thenᾱ : R/I → R/I defined bȳ α(a + I) = α(a) + I for a ∈ R is an endomorphism of the factor ring R/I. The homomorphic image of an α-rigid ring is notᾱ-rigid, in general. The following example shows that there exists a ring R with an automorphism α such that R/I isᾱ-rigid for a non-zero α-ideal I of R, but R is not α-rigid. Example 17. Let F be a field and F i = F for i ∈ Z. Let R be a F -subalgebra of ∏ i∈Z F i generated by ⊕ i∈Z F i and 1 ∏ i∈Z Fi . Let α be an automorphism of R defined by α((a i )) = (a i+1 ). Then Lemma 18. For a ring R, the following are equivalent:
(1) R is a semiprime ring. 
